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Abstract: We consider the existence problem for a semi-cyclic holey group divisible design
of type (n,mt) with block size 3, which is denoted by a 3-SCHGDD of type (n,mt). When t
is odd and n 6= 8 or t is doubly even and t 6= 8, the existence problem is completely solved;
when t is singly even, many infinite families are obtained. Applications of our results to
two-dimensional balanced sampling plans and optimal two-dimensional optical orthogonal
codes are also discussed.
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1 Introduction
Group divisible designs are one of the most important combinatorial structures, which were
widely used in constructing other combinatorial configurations [7]. LetK be a set of positive
integers. A group divisible design (GDD), denoted K-GDD, is a triple (X,G,B) satisfying
the following properties:
(1) X is a finite set of points;
(2) G is a partition of X into subsets (called groups);
(3) B is a set of subsets (called blocks) of X, each of cardinality from K, such that every
2-subset of X is either contained in exactly one block or in exactly one group, but not
in both.
If G contains ui groups of size gi for 1 ≤ i ≤ r, then we call g
u1
1 g
u2
2 · · · g
ur
r the group type
(or type) of the GDD. If K = {k}, we write a {k}-GDD as a k-GDD. A K-GDD of type
1v is commonly called a pairwise balanced design, denoted by a (v,K, 1)-PBD. When
K = {k}, a pairwise balanced design is called a balanced incomplete block design, denoted
by a (v, k, 1)-BIBD.
A sub-GDD (Y,H,A) of a GDD (X,G,B) is a GDD satisfying that Y ⊆ X, A ⊆ B, and
every group of H is contained in some group of G. If a GDD has a missing sub-GDD, then
we say that the GDD has a hole. In fact, the missing sub-GDD need not exist. If a GDD
has several equal-sized holes which partition the point set of the GDD, then we call it a
holey GDD, or HGDD. We give a formal definition of an HGDD as follows.
Let n,m and t be positive integers. Let K be a set of positive integers. A holey group
divisible design (HGDD) K-HGDD of type (n,mt) is a quadruple (X,G,H,B) which satisfies
the following properties:
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(1) X is a finite set of nmt points;
(2) G is a partition of X into n subsets, (called groups), each of size mt;
(3) H is another partition of X into t subsets, (called holes), each of size nm such that
|H ∩G| = m for each H ∈ H and G ∈ G;
(4) B is a set of subsets (called blocks) of X, each of cardinality from K, such that no
block contains two distinct points of any group or any hole, but any other pair of
distinct points of X occurs in exactly one block of B.
When m = 1, a K-HGDD of type (n, 1t) is often said to be a modified group divisible design,
denoted by a K-MGDD of type tn. If K = {k}, we write a {k}-HGDD as a k-HGDD, and
a {k}-MGDD as a k-MGDD.
Assaf [4] first introduced the notion of MGDDs and settled the existence of 3-MGDDs.
The existence of 4-MGDDs was investigated in [6, 19, 22]. There are also some results on
5-MGDDs in [1]. Wei [32] first introduced the concept of HGDDs and gave a complete
existence theorem for 3-HGDDs. The existence of 4-HGDDs has been completely settled in
[9, 20]. We only quote the following result for the later use.
Theorem 1.1 [32] There exists a 3-HGDD of type (n,mt) if and only if n, t ≥ 3, (t −
1)(n − 1)m ≡ 0 (mod 2) and t(t− 1)n(n− 1)m2 ≡ 0 (mod 3).
HGDDs can be seen as a special case of double group divisible designs (DGDDs), which
are introduced in [36] to simplify Stinson’s proof [24] on a recursive construction for group
divisible designs. HGDDs can also be considered as a generalization of holey mutually
orthogonal Latin squares (HMOLS), since a k-HGDD of type (k,mt) is equivalent to k− 2
HMOLSs of type mt (see [25, 32] for details). HGDDs have been used for various types of
combinatorial objects, such as covering designs and packing designs [5], balanced sampling
designs [8, 19], etc.
In what follows we always assume that Iu = {0, 1, . . . , u − 1} and denote by Zv the
additive group of integers modulo v. A way to construct k-HGDDs of type (n,mt) is the
pure and mixed difference method. Let S = {0, t, . . . , (m − 1)t} be a subgroup of order
m in Zmt, and Sl = S + l be a coset of S in Zmt, 0 ≤ l ≤ t − 1. Let X = In × Zmt,
G = {{i} × Zmt : i ∈ In}, and H = {In × Sl : 0 ≤ l ≤ t − 1}. Take a family B
∗ of some
k-subsets (called base blocks) of X. For i, j ∈ In and B ∈ B
∗, define a multi-set ∆ij(B) =
{x−y (modmt) : (i, x), (j, y) ∈ B, (i, x) 6= (j, y)}, and a multi-set ∆ij(B
∗) =
⋃
B∈B∗ ∆ij(B).
If for (i, j) ∈ In × In,
∆ij(B
∗) =
{
Zmt \ S, i 6= j,
∅, i = j,
then a k-HGDD of type (n,mt) with the point set X, the group set G and the hole set H can
be generated from B∗. The required blocks are obtained by developing all base blocks of B∗
by successively adding 1 to the second component of each point of these base blocks modulo
mt. Usually a k-HGDD obtained by this manner is said to be a semi-cyclic k-HGDD and
denoted by a k-SCHGDD.
In this paper we shall focus on the existence of 3-SCHGDDs of type (n,mt) with t even.
When t is odd, the existence problem has been discussed in [16] recently.
Lemma 1.2 [16]
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(1) There exists a 3-SCHGDD of type (3,mt) if and only if (t − 1)m ≡ 0 (mod 2) and
t ≥ 3 with the exception of m ≡ 0 (mod 2) and t = 3.
(2) Assume that t ≡ 1 (mod 2) and n ≥ 4. There exists a 3-SCHGDD of type (n,mt) if
and only if t ≥ 3 and (t− 1)n(n − 1)m ≡ 0 (mod 6) except when (n,m, t) = (6, 1, 3),
and possibly when (1) n = 6, m ≡ 1, 5 (mod 6) and t ≡ 3, 15 (mod 18), (2) n = 8,
m ≡ 2, 10 (mod 12) and t ≡ 7 (mod 12).
Simple counting shows that the number of base blocks in a 3-SCHGDD of type (n,mt)
is (t − 1)n(n − 1)m/6. Hence combining the result of Theorem 1.1, we have the following
necessary condition for the existence of 3-SCHGDDs.
Lemma 1.3 If there exists a 3-SCHGDD of type (n,mt), then n, t ≥ 3, (t− 1)(n− 1)m ≡
0 (mod 2) and (t− 1)n(n − 1)m ≡ 0 (mod 6).
We are to prove in Sections 3 and 4 that when t is odd and n 6= 8 or t is doubly even
and t 6= 8, the existence problem for 3-SCHGDDs is completely solved, and when t is singly
even, many infinite families are obtained.
Although the existence problem for SCHGDDs is interesting in its own right, there are
actually some nice applications such as in the construction of two-dimensional balanced
sampling plans and optimal two-dimensional optical orthogonal codes. We shall consider
these applications in Section 5. Actually, the main result of this paper has been used for
constructing optimal three dimensional optical orthogonal codes by Wang and Chang [29].
2 Preliminaries
Now we introduce some basic concepts and terminologies in combinatorial design theory
adopted in this paper.
An automorphism pi of a GDD (X,G,B) is a permutation on X leaving G, B invariant,
respectively. Let H be the cyclic group generated by pi under the compositions of permu-
tations. Then all blocks of the GDD can be partitioned into some block orbits under H.
Choose any fixed block from each block orbit and then call it a base block of this GDD
under H. The number of the blocks contained in a block orbit is called the length of the
block orbit.
A K-GDD of type mn is said to be cyclic, if it admits an automorphism consisting of a
cycle of length mn. A cyclic K-GDD is denoted by a K-CGDD. For a K-CGDD (X,G,B),
we can always identify X with Zmn and G with {{in+ j : 0 ≤ i ≤ m− 1} : 0 ≤ j ≤ n− 1}.
If the length of each block orbit in a K-CGDD of type mn is mn, then the K-GDD is called
strictly cyclic.
Lemma 2.1 [30] There exists a strictly cyclic 3-GDD of type mn if and only if
(1) m(n− 1) ≡ 0 (mod 6) and n ≥ 4;
(2) n 6≡ 2, 3 (mod 4) when m ≡ 2 (mod 4).
Construction 2.2 [16] Suppose that there exist a strictly cyclic K-GDD of type wt and an
l-MGDD of type kn for each k ∈ K. Then there exists an l-SCHGDD of type (n,wt).
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Construction 2.2 shows that strictly cyclic K-GDDs are helpful to yield SCHGDDs.
Combining the results of Corollary 4.10 and Lemma 4.15 in [16], we have the following
strictly cyclic GDDs.
Lemma 2.3 [16] There exists a strictly cyclic {3, 5}-GDD of type 4t for any t ≥ 4 and
t 6∈ {5, 8, 11}.
Let K be a set of positive integers and v be an odd positive integer. For each 1 ≤ i ≤ b,
let Bi ⊆ Zv and |Bi| = ki ∈ K. The b sets Bi = {xi,1, xi,2, . . . , xi,k}, 1 ≤ i ≤ b, form a
perfect (v,K, 1) difference family, written as a (v,K, 1)-PDF, if all the differences xi,s−xi,r,
1 ≤ i ≤ b, 1 ≤ r < s ≤ ki cover exactly the set {1, 2, . . . , (v − 1)/2}.
Lemma 2.4 [16] If there exists a (2t − 1,K, 1)-PDF, then there exists a strictly cyclic
K-GDD of type 2t.
Lemma 2.5 [11] There exists a (v, {3, 4}, 1)-PDF for v ≡ 1 (mod 6) and v ≥ 19.
A K-GDD of type mn is said to be semi-cyclic, if it admits an automorphism which
permutes the elements of each group G ∈ G in an m cycle. Such a GDD is denoted by a K-
SCGDD of typemn. For a K-SCGDD (X,G,B), we can always identify X with In×Zm and
G with {{i}×Zm : i ∈ In}. In this case the automorphism can be taken as (i, x) 7−→ (i, x+1)
(mod (−,m)), i ∈ In and x ∈ Zm. Assume that B
∗ is the set of base blocks of a K-SCGDD
of type mn. It is easy to verify that for (i, j) ∈ In × In,
∆ij(B
∗) =
{
Zm, i 6= j,
∅, i = j.
Note that no element of Zm occurs more than once in ∆ij(B
∗), and the length of each block
orbit is m in a K-SCGDD.
Lemma 2.6 [18] There is a 3-SCGDD of type mn if and only if n ≥ 3 and
(1) (n− 1)m ≡ 0 (mod 2);
(2) n(n− 1)m ≡ 0 (mod 3);
(3) n 6≡ 2, 3 (mod 4) when m ≡ 2 (mod 4), and n 6= 3 when m ≡ 0 (mod 4).
Construction 2.7 [16] Suppose that there exist a K-SCGDD of type gn and an l-SCHGDD
of type (k,wt) for each k ∈ K. Then there exists an l-SCHGDD of type (n, (gw)t).
A (k,m)-CDM is a k×m matrix D = (dij) with entries from Zm such that for any two
distinct rows x and y, the difference list {dxj − dyj : j ∈ Im} contains each integer of Zm
exactly once. It is known that a (3,m)-CDM exists for any positive odd integer m [7].
Construction 2.8 [16] If there exist a k-SCHGDD of type (n,wt) and a (k, v)-CDM, then
there exists a k-SCHGDD of type (n, (wv)t).
The following construction is simple but useful.
Construction 2.9 [16] If there exist a k-SCHGDD of type (n, (gw)t) and a k-SCHGDD
of type (n, gw), then there exists a k-SCHGDD of type (n, gwt).
As the end of this section, we state a shorter definition of SCHGDDs. An automorphism
of an HGDD (X,G,H,B) is a permutation on X leaving G, H, B invariant, respectively. A
K-SCHGDD of type (n,mt) is a K-HGDD of type (n,mt) with an automorphism of order
mt that permutes the points within each group.
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3 3-SCHGDDs of type (n,mt) for n = 4, 5, 6, 8
In this section, we always assume that [a, b] denotes the set of integers n such that a ≤ n ≤ b,
and [a, b]6≡r(v), 0 ≤ r ≤ v − 1, denotes the set of integers n such that a ≤ n ≤ b and
n 6≡ r (mod v).
Lemma 3.1 If (t − 1)m ≡ 0 (mod 2) and t ≥ 3, then there exists a 3-SCHGDD of type
(4,mt).
Proof When t is odd, the conclusion follows from Lemma 1.2. When m ≡ 0 (mod 4),
start from a 3-SCGDD of type (m/2)4, which exists by Lemma 2.6. By Lemma 1.2, there
exists a 3-SCHGDD of type (3, 2t) for any even integer t ≥ 4. Then apply Construction 2.7
to obtain a 3-SCHGDD of type (4,mt).
Whenm = 2 and t ≡ 0 (mod 2), the 4(t−1) base blocks of a 3-SCHGDD of type (4, 2t) on
I4×Z2t with the group set {{i}×Z2t : i ∈ I4} and the hole set {I4×{j, t+j} : 0 ≤ j ≤ t−1}
are listed as follows:
{(0, 0), (1, i), (2, 2i)}, i ∈ [1, t− 1] \ {t/2− 1, t/2};
{(0, 0), (1, t + i), (3, t − i)}, i ∈ [1, t− 1] \ {t/2, t/2 + 1};
{(0, 0), (2, 2i + 1), (3, t + i)}, i ∈ [1, t− 2];
{(1, 0), (2, t + i), (3, 2i + 1)}, i ∈ [1, t− 2];
{(0, 0), (1, 3t/2 + 1), (2, 1)}, {(0, 0), (1, t/2 − 1), (3, t/2)},
{(0, 0), (2, t − 2), (3, 2t − 1)}, {(0, 0), (1, 3t/2), (2, 2t − 1)},
{(0, 0), (1, t/2), (3, t/2 − 1)}, {(1, 0), (2, 2t − 1), (3, t − 2)}.
When m ≡ 2 (mod 4) and t ≡ 0 (mod 2), start from a 3-SCHGDD of type (4, 2t), and apply
Construction 2.8 with a (3,m/2)-CDM to obtain a 3-SCHGDD of type (4,mt). ✷
Lemma 3.2 There is no 3-SCHGDD of type (5, 14).
Proof Suppose that there exists a 3-SCHGDD of type (5, 14) on I5 × Z4 with the group
set {{(i, 0), (i, 1), (i, 2), (i, 3)} : 0 ≤ i ≤ 4} and the hole set {{(i, j) : 0 ≤ i ≤ 4} :
0 ≤ j ≤ 3}. It has 10 base blocks. Denote by B∗ the set of its base blocks. Let
B∗ = {{(a
(l)
1 , z
(l)
1 ), (a
(l)
2 , z
(l)
2 ), (a
(l)
3 , z
(l)
3 )} : 0 ≤ l ≤ 9}. Given b, c ∈ I5 and b 6= c, count
the number of base blocks containing the pairs of the form {(b, ∗), (c, ∗)}. The number is 3.
Now write A = {{a
(l)
1 , a
(l)
2 , a
(l)
3 } : 0 ≤ l ≤ 9}. Then A forms a (5, 3, 3)-BIBD on I5. Up to
isomorphism, one can easily check that there is only one (5, 3, 3)-BIBD (hint: each point in
a (5, 3, 3)-BIBD occurs in exactly 6 blocks). Hence, without loss of generality the 10 base
blocks are assumed as follows:
{(0, 0), (1, x0), (2, y0)}, {(0, 0), (1, x1), (3, y1)}, {(0, 0), (1, x2), (4, y2)},
{(0, 0), (2, x3), (3, y3)}, {(0, 0), (2, x4), (4, y4)}, {(0, 0), (3, x5), (4, y5)},
{(1, 0), (2, x6), (3, y6)}, {(1, 0), (2, x7), (4, y7)}, {(1, 0), (3, x8), (4, y8)},
{(2, 0), (3, x9), (4, y9)},
where for any 0 ≤ l ≤ 9, (xl, yl) ∈ {(1, 2), (2, 1), (1, 3), (3, 1), (2, 3), (3, 2)}. Let i1, i2 ∈ I5
and i1 6= i2. Write ∆i1i2 = {x− y (mod 4) : {(i1, x), (i2, y)} ⊂ B,B ∈ B
∗}. Then we have
∆10 = {x0, x1, x2}, ∆21 = {x6, x7, y0 − x0}, ∆32 = {x9, y3 − x3, y6 − x6},
∆20 = {x3, x4, y0}, ∆31 = {x8, y6, y1 − x1}, ∆42 = {y9, y4 − x4, y7 − x7},
∆30 = {x5, y1, y3}, ∆41 = {y7, y8, y2 − x2}, ∆43 = {y5 − x5, y8 − x8, y9 − x9},
∆40 = {y2, y4, y5}.
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Without loss of generality, assume that (x0, x1, x2) = (1, 2, 3). It follows that (y0, y1, y2) ∈
{(2, 1, 1), (2, 1, 2), (2, 3, 1), (2, 3, 2), (3, 1, 1), (3, 1, 2), (3, 3, 1), (3, 3, 2)}. For convenience we
make the following table,
(y0, y1, y2) (x3, x4, x5, y3, y4, y5) (y3 − x3, y4− (x6, x7, x8, y6, y7, y8) (y6 − x6, y7−
x4, y5 − x5) x7, y8 − x8)
(2, 1, 1) (1, 3, 2, 3, 2, 3) (2, 3, 1) (2, 3, 2, 1, 1, 3) (3, 2, 1)
(3, 1, 3, 2, 3, 2) (3, 2, 3) (3, 2, 1, 2, 1, 3) (3, 3, 2)
(3, 2, 2, 1, 1, 3) (2, 3, 1)
(3, 2, 2, 1, 3, 1) (2, 1, 3)
(2, 1, 2) (1, 3, 2, 3, 1, 3) (2, 2, 1) (2, 3, 2, 1, 2, 1) (3, 3, 3)
(3, 1, 3, 2, 3, 1) (3, 2, 2) (3, 2, 1, 2, 1, 2) (3, 3, 1)
(2, 3, 1) (1, 3, 1, 2, 2, 3) (1, 3, 2) (2, 3, 2, 3, 1, 3) (1, 2, 1)
(3, 1, 1, 2, 3, 2) (3, 2, 1) (3, 2, 3, 2, 3, 1) (3, 1, 2)
(3, 1, 1, 2, 2, 3) (3, 1, 2)
(3, 1, 2, 1, 2, 3) (2, 1, 1)
(2, 3, 2) (1, 3, 1, 2, 1, 3) (1, 2, 2) (2, 3, 2, 3, 2, 1) (1, 3, 3)
(3, 1, 2, 1, 3, 1) (2, 2, 3) (3, 2, 3, 2, 1, 2) (3, 3, 3)
(3, 1, 1) (1, 2, 3, 2, 3, 2) (1, 1, 3) (1, 3, 1, 2, 1, 3) (1, 2, 2)
(2, 1, 2, 3, 2, 3) (1, 1, 1) (3, 1, 2, 1, 3, 1) (2, 2, 3)
(3, 1, 2) (1, 2, 2, 3, 1, 3) (2, 3, 1) (1, 3, 1, 2, 1, 2) (1, 2, 1)
(1, 2, 2, 3, 3, 1) (2, 1, 3) (3, 1, 2, 1, 2, 1) (2, 1, 3)
(1, 2, 3, 2, 3, 1) (1, 1, 2)
(2, 1, 2, 3, 3, 1) (1, 2, 3)
(3, 3, 1) (1, 2, 1, 2, 3, 2) (1, 1, 1) (1, 3, 2, 3, 1, 3) (2, 2, 1)
(2, 1, 2, 1, 2, 3) (3, 1, 1) (3, 1, 3, 2, 3, 1) (3, 2, 2)
(3, 3, 2) (1, 2, 1, 2, 1, 3) (1, 3, 2) (1, 3, 2, 3, 2, 1) (2, 3, 3)
(2, 1, 2, 1, 3, 1) (3, 2, 3) (1, 3, 3, 2, 1, 2) (1, 2, 3)
(1, 3, 3, 2, 2, 1) (1, 3, 2)
(3, 1, 3, 2, 2, 1) (3, 1, 2)
where the values of x3, x4, x5, y3, y4, y5 in the 2
th column are determined by ∆20 = ∆30 =
∆40 = {1, 2, 3}, and the values of x6, x7, x8, y6, y7, y8 in the 4
th column are determined by
∆21 = ∆31 = ∆41 = {1, 2, 3}. Then analyze the 3
th and the 5th columns with the condition
∆32 = ∆42 = ∆43 = {1, 2, 3}. We can see that no x9, y9 exist, a contradiction. ✷
Lemma 3.3 There exists a 3-SCHGDD of type (5,m4) for any integer m ≡ 1, 5 (mod 6)
and m ≥ 5.
Proof We here construct a 3-SCHGDD of type (5,m4) on Z5 × Z4m with the group set
{{i}×Z4m : i ∈ Z5} and the hole set {Z5×{j, 4+ j, . . . , 4(m− 1)+ j} : 0 ≤ j ≤ 3}. All the
10m base blocks can be obtained from the following 2m initial blocks by (+1 mod 5,−).
When m = 5, the 10 initial blocks are:
{(0, 0), (1, 6), (2, 19)}, {(0, 0), (1, 1), (2, 18)}, {(0, 0), (1, 3), (2, 17)},
{(0, 0), (1, 10), (2, 9)}, {(0, 0), (1, 9), (2, 7)}, {(0, 0), (1, 2), (3, 7)},
{(0, 0), (1, 5), (3, 6)}, {(0, 0), (1, 7), (3, 9)}, {(0, 0), (1, 11), (3, 14)},
{(0, 0), (1, 15), (3, 5)}.
When m ≡ 1, 5 (mod 6) and m ≥ 7, the 2m initial blocks are divided into two parts. The
first part consists of the following m+ 2 initial blocks:
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{(0, 0), (1, 2m − 4− 4i), (3, 4m − 3− 2i)}, i ∈ [0,m − 2] \ {(m− 1)/2};
{(0, 0), (1, 2m − 1), (3, 4m − 1)}, {(0, 0), (1, 4m − 1), (3, 1)},
{(0, 0), (1, 2m), (2, 3m)}, {(0, 0), (1, 4m − 2), (2,m + 2)}.
The second part consists of the following m− 2 initial blocks:
• if m ≡ 7, 11 (mod 12), then
{(0, 0), (1, 2m + 1− 4i), (2, 2m − 4− 8i)}, i ∈ [0, (m− 7)/4];
{(0, 0), (1, 2m − 5− 4i), (2, 2m − 8− 8i)}, i ∈ [0, (m− 7)/4];
{(0, 0), (1, 1 + 2i), (2, 2m + 4 + 4i)}, i ∈ [0, (m− 3)/2];
• if m ≡ 1, 5 (mod 12) and m ≥ 13, firstly we take (m+ 3)/2 initial blocks:
{(0, 0), (1, 2m + 1− 4i), (2, 2m − 4− 8i)}, i ∈ [0, (m− 9)/4];
{(0, 0), (1, 2m − 5− 4i), (2, 2m − 8− 8i)}, i ∈ [0, (m− 13)/4];
{(0, 0), (1,m − 2), (2, 2m + 4)}, {(0, 0), (1, 3m + 2), (2, 2m + 8)},
{(0, 0), (1, 1), (2, 6)}, {(0, 0), (1, 2m + 3), (2, 10)},
{(0, 0), (1, 9), (2, 2m + 20)};
and then when m ≡ 1 (mod 12) and m ≥ 13, we take the (m− 7)/2 initial blocks:
{(0, 0), (1, 15 + 6i), (2, 2m + 24 + 12i)}, i ∈ [0, (m− 13)/6];
{(0, 0), (1, 13 + 6i), (2, 2m + 32 + 12i)}, i ∈ [0, (m− 19)/6], (null if m = 13);
{(0, 0), (1, 11 + 6i), (2, 2m + 28 + 12i)}, i ∈ [0, (m− 19)/6], (null if m = 13);
{(0, 0), (1, 3), (2, 2m + 16)}, {(0, 0), (1, 7), (2, 2m + 12)};
when m ≡ 5 (mod 12) and m ≥ 17, we take the following (m− 7)/2 initial blocks:
{(0, 0), (1, 19 + 6i), (2, 2m + 32 + 12i)}, i ∈ [0, (m− 17)/6];
{(0, 0), (1, 17 + 6i), (2, 2m + 40 + 12i)}, i ∈ [0, (m− 23)/6], (null if m = 17);
{(0, 0), (1, 15 + 6i), (2, 2m + 36 + 12i)}, i ∈ [0, (m− 23)/6], (null if m = 17);
{(0, 0), (1, 3), (2, 2m + 12)}, {(0, 0), (1, 7), (2, 2m + 24)},
{(0, 0), (1, 11), (2, 2m + 16)}, {(0, 0), (1, 13), (2, 2m + 28)}.
Lemma 3.4 If (t − 1)m ≡ 0 (mod 3) and t ≥ 3, then there exists a 3-SCHGDD of type
(5,mt) with the exception of (m, t) = (1, 4).
Proof When t is odd, the conclusion follows from Lemma 1.2. When m ≡ 0 (mod 6),
start from a 3-SCGDD of type (m/2)5, which exists by Lemma 2.6. By Lemma 1.2, there
exists a 3-SCHGDD of type (3, 2t) for any even integer t ≥ 4. Then apply Construction 2.7
to obtain a 3-SCHGDD of type (5,mt).
When m = 3 and t ≡ 0 (mod 2), the 10(t−1) base blocks of a 3-SCHGDD of type (5, 3t)
on I5 × Z3t with the group set {{i} × Z3t : i ∈ I5} and the hole set {I5 × {j, t + j, 2t + j} :
0 ≤ j ≤ t− 1} are listed as follows:
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{(l, 0), (l + 1, i), (l + 2, 2i + 2t)}, i ∈ [1, t− 1] \ {t/2 − 1, t/2};
{(l, 0), (l + 1, t+ i), (l + 3, 2t− i+ 1)}, i ∈ [2, t− 1];
{(l, 0), (l + 1, 5t/2), (l + 2, 2t− 1)}, {(l, 0), (l + 1, t/2), (l + 2, t− 1)},
{(l, 0), (l + 1, t+ 1), (l + 3, 2)},
where l runs over I5, and the first components of elements are reduced modulo 5. When
m ≡ 3 (mod 6) and t ≡ 0 (mod 2), start from a 3-SCHGDD of type (5, 3t), and apply
Construction 2.8 with a (3,m/3)-CDM to obtain a 3-SCHGDD of type (5,mt).
When m = 2 and t ≡ 10 (mod 12), take a (2t−1, {3, 4}, 1)-PDF from Lemma 2.5, which
yields a strictly cyclic {3, 4}-GDD of type 2t by Lemma 2.4. Start from this GDD, and
apply Construction 2.2 with a 3-MGDD of type k5, k ∈ {3, 4}, which exists by Theorem
1.1, to obtain a 3-SCHGDD of type (5, 2t). When m ≡ 2, 10 (mod 12) and t ≡ 10 (mod 12),
start from a 3-SCHGDD of type (5, 2t), and apply Construction 2.8 with a (3,m/2)-CDM
to obtain a 3-SCHGDD of type (5,mt).
When m ≡ 2, 10 (mod 12) and t ≡ 4 (mod 12), or m ≡ 4, 8 (mod 12) and t ≡ 4 (mod 6),
by Lemma 2.1, we have a strictly cyclic 3-GDD of type mt. Then apply Construction 2.2
with a 3-MGDD of type 35 to obtain a 3-SCHGDD of type (5,mt).
When m = 1, t ≡ 4 (mod 6) and t ≥ 10, the 10(t − 1)/3 base blocks of a 3-SCHGDD
of type (5, 1t) on I5 × Zt with the group set {{i} × Zt : i ∈ I5} and the hole set {I5 × {j} :
0 ≤ j ≤ t− 1} are listed as follows:
{(l, 0), (l + 1, i), (l + 2, 2(t − 1)/3 + 2i)}, i ∈ [1, (t − 4)/3] \ {(t+ 2)/6};
{(l, 0), (l + 1, (t− 1)/3 + i), (l + 3, 2(t− 1)/3 − i)}, i ∈ [1, (t − 4)/3] \ {(t− 4)/6};
{(l, 0), (l + 1, (t+ 2)/6), (l + 2, t/2)}, {(l, 0), (l + 1, t/2 − 1), (l + 2, (t− 4)/3)},
{(l, 0), (l + 1, 2(t− 1)/3), (l + 3, t− 1)}, {(l, 0), (l + 1, t− 1), (l + 3, (t− 1)/3)},
where l runs over I5, and the first components of elements are reduced modulo 5. When
m ≡ 1, 5 (mod 6), t ≡ 4 (mod 6) and t ≥ 10, start from a 3-SCHGDD of type (5, 1t), and
apply Construction 2.8 with a (3,m)-CDM to obtain a 3-SCHGDD of type (5,mt).
When m = 1 and t = 4, by Lemma 3.2, there is no 3-SCHGDD of type (5, 14). When
m ≡ 1, 5 (mod 6), m ≥ 5 and t = 4, the conclusion follows from Lemma 3.3. ✷
Lemma 3.5 There exists a 3-SCHGDD of type (6,m8) for m = 2, 4.
Proof We here construct a 3-SCHGDD of type (6,m8) on (Z5∪{∞})×Z8m with the group
set {{i} ×Z8m : i ∈ Z5 ∪ {∞}} and the hole set {(Z5 ∪ {∞})×{j, 8 + j, . . . , 8(m− 1) + j} :
0 ≤ j ≤ 7}. All the 35m base blocks can be obtained from the following 7m initial blocks
by (+1 mod 5,−), where ∞+ 1 =∞.
m = 2 :
{(0, 0), (1, 1), (3, 2)}, {(0, 0), (3, 1), (2, 2)}, {(0, 0), (∞, 1), (1, 2)},
{(0, 0), (4, 2), (∞, 4)}, {(0, 0), (1, 3), (3, 6)}, {(0, 0), (3, 3), (2, 6)},
{(0, 0, (∞, 3), (1, 7)}, {(0, 0, (1, 4), (2, 9)}, {(0, 0), (2, 4), (∞, 10)},
{(0, 0), (3, 4), (1, 9)}, {(0, 0), (4, 4), (3, 9)}, {(0, 0), (2, 5), (∞, 14)},
{(0, 0), (∞, 5), (1, 10)}, {(0, 0), (1, 6), (∞, 13)}.
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m = 4 :
{(0, 0), (3, 4), (∞, 9)}, {(0, 0), (4, 4), (2, 9)}, {(0, 0), (1, 6), (∞, 12)},
{(0, 0), (4, 6), (1, 13)}, {(0, 0), (1, 7), (4, 14)}, {(0, 0), (4, 7), (1, 17)},
{(0, 0), (∞, 7), (1, 14)}, {(0, 0), (4, 9), (1, 20)}, {(0, 0), (1, 10), (2, 21)},
{(0, 0), (3, 10), (2, 20)}, {(0, 0), (∞, 10), (2, 6)}, {(0, 0), (1, 1), (3, 2)},
{(0, 0), (3, 1), (2, 2)}, {(0, 0), (∞, 1), (1, 2)}, {(0, 0), (4, 2), (1, 5)},
{(0, 0), (∞, 2), (1, 4)}, {(0, 0), (1, 3), (2, 12)}, {(0, 0), (3, 3), (1, 12)},
{(0, 0), (4, 3), (2, 17)}, {(0, 0), (∞, 3), (2, 14)}, {(0, 0), (2, 4), (∞, 23)},
{(0, 0), (2, 5), (∞, 20)}, {(0, 0), (4, 5), (∞, 22)}, {(0, 0), (3, 6), (1, 19)},
{(0, 0), (4, 11), (∞, 29)}, {(0, 0), (∞, 11), (3, 17)}, {(0, 0), (2, 13), (∞, 27)},
{(0, 0), (∞, 13), (4, 17))}.
Lemma 3.6 There exists a 3-SCHGDD of type (6, 22
r
) for r ≥ 2.
Proof We use induction on r. When r = 2, take a strictly cyclic 3-GDD of type 24 from
Lemma 2.1. Then apply Construction 2.2 with a 3-MGDD of type 36, which exists by
Theorem 1.1, to obtain a 3-SCHGDD of type (6, 24). When r = 3, the conclusion follows
from Lemma 3.5. When r ≥ 4, assume that there exists a 3-SCHGDD of type (6, 22
r−2
).
Due to 2x ≡ 4, 8 (mod 12) for any x ≥ 2, by Lemma 2.1 we have a strictly cyclic 3-GDD of
type (2x)4. Then apply Construction 2.2 with a 3-MGDD of type 36 to obtain a 3-SCHGDD
of type (6, (2x)4). Start from a 3-SCHGDD of type (6, (2r−1)4), and apply Construction 2.9
with the given 3-SCHGDD of type (6, 22
r−2
) to obtain a 3-SCHGDD of type (6, 22
r
). ✷
Lemma 3.7 There exists a 3-SCHGDD of type (6,m3) for any integer m ≡ 1 (mod 2) and
m ≥ 3.
Proof Let I = Z5∪{∞}. We here construct a 3-SCHGDD of type (6,m
3) on I×Z3m with
the group set {{i}×Z3m : i ∈ I} and the hole set {I×{j, 3+j, . . . , 3(m−1)+j} : 0 ≤ j ≤ 2}.
Only initial base blocks are listed below, and all other base blocks are obtained by developing
these base blocks by (+1,−) modulo (5,−), where ∞+ 1 =∞. When m ≡ 1 (mod 4) and
m ≥ 5:
{(0, 0), (1, 1 + i), (2, (3m + 7)/2 + 2i)}, i ∈ [0, (3m − 7)/2]6≡2(3);
{(0, 0), (2, 5 + 2i), (∞, (3m + 5)/2 + i)}, i ∈ [0, (3m − 23)/4]6≡2(3) ,
(null if m = 5);
{(0, 0), (2, (3m + 1)/2 + 2i), (∞, (9m − 5)/4 + i)}, i ∈ [0, (3m − 11)/4]6≡2(3) ;
{(0, 0), (2, (3m − 5)/2), (∞, 3m − 2)}, {(0, 0), (2, 3m − 1), (∞, (3m + 1)/4)},
{(0, 0), (1, (3m + 1)/2), (∞, (3m − 1)/2)}, {(0, 0), (1, (3m − 1)/2), (3, (3m + 1)/2)}.
When m ≡ 3 (mod 4) and m ≥ 7:
{(0, 0), (1, 1 + i), (2, (3m + 7)/2 + 2i)}, i ∈ [0, (3m − 9)/2]6≡2(3) ;
{(0, 0), (2, 4 + 2i), (∞, (3m + 7)/2 + i)}, i ∈ [0, (3m − 9)/4]6≡1(3) ;
{(0, 0), (2, (3m + 13)/2 + 2i), (∞, (9m + 13)/4 + i)}, i ∈ [0, (3m − 21)/4]6≡2(3) ;
{(0, 0), (2, (3m − 7)/2), (∞, 3m − 1)}, {(0, 0), (1, 3m − 1), (∞, (3m − 5)/4)},
{(0, 0), (1, (3m + 1)/2), (∞, 1)}, {(0, 0), (1, (3m − 1)/2), (3, 2)},
{(0, 0), (1, (3m − 5)/2), (3, 3m − 2)}.
When m = 3, the conclusion follows from Lemma 1.2. ✷
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Lemma 3.8 There exists a 3-SCHGDD of type (6, 13
r
) for any integer r ≥ 2.
Proof We use induction on r. When r = 2, the conclusion follows from Lemma 1.2. When
r ≥ 3, assume that there exists a 3-SCHGDD of type (6, 13
r−1
). By Lemma 3.7 we have a
3-SCHGDD of type (6, (3r−1)3). Then apply Construction 2.9 with the given 3-SCHGDD
of type (6, 13
r−1
), we have the required 3-SCHGDD of type (6, 13
r
). ✷
Lemma 3.9 If (t − 1)m ≡ 0 (mod 2) and t ≥ 3, then there exists a 3-SCHGDD of type
(6,mt) with the exception of (m, t) = (1, 3).
Proof When t is odd with the exception of m ≡ 1, 5 (mod 6) and t ≡ 3, 15 (mod 18),
the conclusion follows from Lemma 1.2. When m = 1 and t = 3, by Lemma 1.2, there is
no 3-SCHGDD of type (6, 13). When m = 1, t ≡ 3, 15 (mod 18) and t ≥ 15, start from a
3-SCHGDD of type (6, (t/3)3), which exists by Lemma 3.7. Then apply Construction 2.9
with a 3-SCHGDD of type (6, 1t/3) to obtain a 3-SCHGDD of type (6, 1t).
When m ≡ 1, 5 (mod 6) and t ≡ 3, 15 (mod 18), start from a 3-SCHGDD of type (6, 1t),
and apply Construction 2.8 with a (3,m)-CDM to obtain a 3-SCHGDD of type (6,mt).
When t ≡ 0 (mod 2) and m ≡ 0 (mod 8), start from a 3-SCGDD of type (m/2)6, which
exists by Lemma 2.6. By Lemma 1.2, there exists a 3-SCHGDD of type (3, 2t) for any even
integer t ≥ 4. Then apply Construction 2.7 to obtain a 3-SCHGDD of type (6,mt).
When t ≡ 0 (mod 2), t 6= 8 and m = 4, take a strictly cyclic {3, 5}-GDD of type 4t from
Lemma 2.3. Then apply Construction 2.2 with a 3-MGDD of type r6 for r = 3, 5, which
exists by Theorem 1.1, to obtain a 3-SCHGDD of type (6, 4t). When t = 8 and m = 4, there
is a 3-SCHGDD of type (6, 48) by Lemma 3.5. When t ≡ 0 (mod 2) and m ≡ 4 (mod 8),
start from a 3-SCHGDD of type (6, 4t), and apply Construction 2.8 with a (3,m/4)-CDM
to obtain a 3-SCHGDD of type (6,mt).
When t ≡ 0 (mod 4) and m = 2, write t = 2ru, where u ≡ 1 (mod 2) and r ≥ 2. Take
a 3-SCHGDD of type (6, 22
r
) from Lemma 3.6. Apply Construction 2.8 with a (3, u)-CDM
to obtain a 3-SCHGDD of type (6, (2u)2
r
). Then making use of Construction 2.9 with a
3-SCHGDD of type (6, 2u), which exists by Lemma 1.2, we have a 3-SCHGDD of type
(6, 22
ru).
When t ≡ 2 (mod 4) and m = 2, let I = Z5 ∪ {∞} and we here construct a 3-
SCHGDD of type (6, 2t) on I × Z2t with the group set {{i} × Z2t : i ∈ I} and the hole set
{I × {j, t + j} : 0 ≤ j ≤ t − 1}. Only initial base blocks are listed below, and all other
base blocks are obtained by developing these base blocks by (+1,−) modulo (5,−), where
∞+ 1 =∞.
{(0, 0), (1, 2 + i), (2, t + 4 + 2i)}, i ∈ [0, t− 3] \ {t/2− 3, t/2 − 2};
{(0, 0), (2, 3 + 2i), (∞, t + 2 + i)}, i ∈ [0, t− 4] \ {t/2− 2};
{(0, 0), (1, 3t/2 − 1), (2, t − 1)}, {(0, 0), (2, 2t − 1), (∞, 1)},
{(0, 0), (1, t/2 − 1), (∞, 2t − 1)}, {(0, 0), (1, t/2), (∞, t + 1)},
{(0, 0), (1, 1), (3, 2)}, {(0, 0), (1, t + 1), (3, 3)}.
When t ≡ 0 (mod 2) and m ≡ 2 (mod 4), start from a 3-SCHGDD of type (6, 2t), and
apply Construction 2.8 with a (3,m/2)-CDM to obtain a 3-SCHGDD of type (6,mt). ✷
Lemma 3.10 If (t − 1)m ≡ 0 (mod 6) and t ≥ 3, then there exists a 3-SCHGDD of type
(8,mt) except possibly when m ≡ 2, 10 (mod 12) and t ≡ 7, 10 (mod 12).
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Proof When t is odd with the exception of m ≡ 2, 10 (mod 12) and t ≡ 7 (mod 12), the
conclusion follows from Lemma 1.2. When m ≡ 6 (mod 12) and t ≡ 2 (mod 4), start from
a 4-SCGDD of type 38, which exists by Lemma 32 in [28]. By Lemma 3.1, there exists a
3-SCHGDD of type (4, (m/3)t). Then apply Construction 2.7 to obtain a 3-SCHGDD of
type (8,mt).
When m ≡ 0 (mod 12) and t ≡ 0 (mod 2), or m ≡ 6 (mod 12) and t ≡ 0 (mod 4), or
m ≡ 4, 8 (mod 12) and t ≡ 4 (mod 6), or m ≡ 2, 10 (mod 12) and t ≡ 4 (mod 12), take
a strictly cyclic 3-GDD of type mt from Lemma 2.1. Then apply Construction 2.2 with a
3-MGDD of type 38 from Theorem 1.1 to obtain a 3-SCHGDD of type (8,mt). ✷
4 3-SCHGDDs of type (n,mt) for general n
Lemma 4.1 [2]
(1) There exists a (v, {3, 4}, 1)-PBD for any integer v ≡ 0, 1 (mod 3) and v ≥ 3 with the
exception of v = 6.
(2) There exists a (v, {3, 4, 5}, 1)-PBD for any integer v ≥ 3 with the exception of v = 6, 8.
Lemma 4.2 Let n ≡ 0, 1 (mod 3) and n ≥ 3. There exists a 3-SCHGDD of type (n,mt)
for (t−1)m ≡ 0 (mod 2) and t ≥ 3 with the exception of (1) n = t = 3 and m ≡ 0 (mod 2),
(2) (n,m, t) = (6, 1, 3).
Proof When n = 3, 4, 6, the conclusion follows from Lemmas 1.2, 3.1 and 3.9. When n ≡
0, 1 (mod 3) and n ≥ 7, start from a {3, 4}-SCGDD of type 1n, which is also a (n, {3, 4}, 1)-
PBD and exists by Lemma 4.1. Take a 3-SCHGDD of type (k,mt) for k ∈ {3, 4}, and then
apply Construction 2.7 to obtain a 3-SCHGDD of type (n,mt). ✷
To construct 3-SCHGDDs of type (n, 14), we introduce the concept of quasi-skew starters.
Let n be an odd positive integer and G be an additive abelian group of order n. A quasi-
skew starter in G is a set of unordered pairs {{xi, yi} : 1 ≤ i ≤ (n − 1)/2}, which satisfies
the following two properties:
(1) {xi : 1 ≤ i ≤ (n− 1)/2} ∪ {yi : 1 ≤ i ≤ (n− 1)/2} = Zn \ {0};
(2) {±(xi + yi) : 1 ≤ i ≤ (n− 1)/2} = Zn \ {0}.
We remark that there are many kinds of combinatorial configurations named with starter,
such as strong starter, skew starter, balanced starter and partitionable starter, etc, which
have been used in the construction of various combinatorial designs such as Room squares,
Howell designs and Howell rotation. For more details the interested reader may refer to
[15]. A quasi-skew starter is said to be a skew starter, if it further satisfies {±(xi − yi) :
1 ≤ i ≤ (n− 1)/2} = Zn \ {0}. That is the reason we use the term quasi-skew starter. The
existence of skew starters is far more from solved (cf. [10]).
Lemma 4.3 There exists a quasi-skew starter in Zn for all n ≡ 1 (mod 2) and n ≥ 7.
Proof Let n = 2s+1, where s ≥ 3. The s pairs of a quasi-skew starter in Z2s+1 are listed
in Tables 1 and 2. ✷
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s = 3 {1, 5} {2, 3} {4, 6}
s = 4 {1, 5} {3, 4} {2, 8} {6, 7}
s = 5 {1, 6} {2, 8} {3, 5} {4, 9} {7, 10}
s = 6 {1, 7} {2, 10} {3, 8} {4, 6} {5, 12} {9, 11}
s = 7 {1, 11} {2, 9} {4, 5} {6, 8} {3, 14} {7, 13} {10, 12}
s = 8 {1, 14} {2, 10} {3, 11} {4, 6} {7, 9} {5, 16} {8, 15} {12, 13}
s = 10 {1, 15} {2, 16} {3, 14} {4, 9} {6, 8} {7, 13} {5, 18} {10, 17}
{11, 19} {12, 20}
s = 11 {1, 13} {2, 18} {4, 14} {5, 11} {6, 16} {7, 12} {8, 9} {3, 22}
{10, 21} {15, 20} {17, 19}
s = 13 {1, 15} {2, 18} {4, 13} {5, 19} {7, 11} {8, 14} {10, 16} {3, 26}
{6, 25} {9, 24} {12, 23} {17, 22} {20, 21}
s = 14 {1, 15} {2, 18} {4, 20} {5, 13} {6, 22} {7, 19} {9, 16} {10, 12}
{3, 28} {8, 27} {11, 26} {14, 25} {17, 24} {21, 23}
Table 1: quasi-skew starters in Z2s+1 for small s
{i, i+ s}, i ∈ [1, s/2− 1] \ {s/8 + 1, s/4};
s ≡ 0 (mod 8) {i+ s/2 + 1, i− s/2− 1}, i ∈ [2, s/2− 1] \ {3s/8 + 1};
s ≥ 16 {s/2, s/2+ 1}, {5s/4, 3s/2}, {s/8 + 1, 15s/8+ 1},
{3s/2 + 1, 2s}, {s/4, s/2 + 2}, {7s/8 + 2, 9s/8 + 1}.
{i, i+ s}, i ∈ [1, (s− 3)/2] \ {(s− 1)/8, (s− 1)/4};
s ≡ 1 {mod 8} {i+ (s+ 3)/2, i− (s+ 3)/2 + 1}, i ∈ [1, (s− 3)/2] \ {(3s− 11)/8};
s ≥ 9 {(s− 1)/8, (15s− 7)/8}, {(s+ 3)/2, (s− 1)/4}, {(s− 1)/2, (s+ 1)/2},
{(7s+ 1)/8, (9s− 1)/8}, {(3s− 1)/2, (5s− 1)/4}, {(3s+ 1)/2, 2s}.
{i, i+ s}, i ∈ [2, s/2− 1] \ {(s+ 6)/8};
s ≡ 2 (mod 8} {i+ s/2 + 1, i− s/2− 1}, i ∈ [2, s/2− 1] \ {(s− 2)/4, (3s+ 10)/8};
s ≥ 18 {s/2, s/2+ 2}, {(7s+ 18)/8, (9s+ 6)/8}, {(s+ 6)/8, (15s+ 10)/8},
{s/2 + 1, (3s+ 2)/4}, {3s/2, (7s− 2)/4}, {1, 3s/2 + 1}, {s+ 1, 2s}.
{i, i+ s}, i ∈ [1, (s− 3)/2] \ {(s− 3)/8};
s ≡ 3 (mod 8) {i+ (s+ 3)/2, i− (s+ 3)/2 + 1}, i ∈ [1, (s− 3)/2] \ {(3s− 9)/8, (s+ 1)/4};
s ≥ 19 {(s− 3)/8, (15s− 5)/8}, {(s+ 1)/2, (3s+ 7)/4}, {(3s+ 1)/2, 2s},
{(7s+ 3)/8, (9s− 3)/8}, {(3s− 1)/2, (7s+ 3)/4}, {(s− 1)/2, (s+ 3)/2}.
{i, i+ s}, i ∈ [1, s/2− 1] \ {(s+ 4)/8};
s ≡ 4 (mod 8) {i+ s/2 + 1, i− s/2− 1}, i ∈ [2, s/2− 1] \ {(3s− 12)/8, s/4+ 1};
s ≥ 12 {(s+ 4)/8, (15s− 12)/8}, {3s/2 + 1, 7s/4 + 1}, {3s/2, 2s},
{(7s− 4)/8, (9s+ 4)/8}, {s/2 + 2, 3s/4 + 2}, {s/2, s/2 + 1}.
{i, i+ s}, i ∈ [1, (s− 3)/2] \ {(s+ 11)/8, (s− 1)/4};
s ≡ 5 (mod 8) {i+ (s+ 3)/2, i− (s+ 1)/2}, i ∈ [1, (s− 3)/2] \ {(3s+ 1)/8};
s ≥ 21 {(3s− 1)/2, (5s− 1)/4}, {(9s+ 11)/8, (7s+ 13)/8}, {(s− 1)/2, (s+ 1)/2},
{(s+ 3)/2, (s− 1)/4}, {(3s+ 1)/2, 2s}, {(s+ 11)/8, (15s+ 5)/8}.
{i, i+ s}, i ∈ [2, s/2− 1] \ {(s− 6)/8};
s ≡ 6 (mod 8) {i+ s/2 + 1, i− s/2− 1}, i ∈ [2, s/2− 1] \ {(3s− 2)/8, (s− 2)/4};
s ≥ 22 {(s− 6)/8, (15s− 2)/8}, {3s/2, (7s− 2)/4}, {1, 3s/2 + 1}, {s+ 1, 2s},
{(7s+ 6)/8, (9s− 6)/8}, {s/2 + 1, (3s+ 2)/4}, {s/2, s/2 + 2}.
{i, i+ s}, i ∈ [1, (s− 3)/2] \ {(s+ 9)/8};
s ≡ 7 (mod 8) {i+ (s+ 3)/2, i+ (3s+ 1)/2}, i ∈ [1, (s− 3)/2] \ {(s+ 1)/4, (3s+ 3)/8};
s ≥ 15 {(9s+ 9)/8, (7s+ 15)/8}, {(3s+ 1)/2, 2s}, {(3s− 1)/2, (7s+ 3)/4},
{(s− 1)/2, (s+ 3)/2}, {(s+ 9)/8, (15s+ 7)/8}, {(s+ 1)/2, (3s+ 7)/4}.
Table 2: quasi-skew starters in Z2s+1 for general s
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Lemma 4.4 Let n ≡ 1 (mod 2) and n ≥ 7. There exists a 3-SCHGDD of type (n, 14).
Proof We here construct a 3-SCHGDD of type (n, 14) on Zn × Z4 with the group set
{{i} × Z4 : i ∈ Zn} and the hole set {Zn × {j} : j ∈ Z4}. The required n(n − 1)/2 base
blocks are
{(i, 0), (xr + i, 1), (xr + yr + i, 2)}, 1 ≤ r ≤ (n− 1)/2, 0 ≤ i ≤ n− 1,
where {{xr, yr} : 1 ≤ r ≤ (n− 1)/2} is a quasi-skew starter in Zn. ✷
Lemma 4.5 Let n ≡ 1, 3 (mod 6), n ≥ 7 and m ≡ 1 (mod 2). There exists a 3-SCHGDD
of type (n,mt) for any t ≡ 0 (mod 4) except possibly when t = 8.
Proof When m = 1 and t = 4, the conclusion follows from Lemma 4.4. When m = 1,
t ≡ 0 (mod 4) and t ≥ 12, write t = 4t1. Take a 3-SCHGDD of type (n, 4
t1) from Lemma
4.2. Apply Construction 2.9 with a 3-SCHGDD of type (n, 14) to obtain a 3-SCHGDD
of type (n, 14t1). When m ≡ 1 (mod 2) and t ≡ 0 (mod 4), start from a 3-SCHGDD of
type (n, 1t), and apply Construction 2.8 with a (3,m)-CDM to obtain a 3-SCHGDD of type
(n,mt). ✷
Lemma 4.6 [28] Suppose that a k-SCHGDD of type (n,mt) and a k-SCGDD of type mn
exist. Then a k-SCGDD of type (mt)n exists.
Lemma 4.7 Let n ≡ 3, 7 (mod 12). There is no 3-SCHGDD of type (n,mt) for any positive
integer m ≡ 1 (mod 2) and t ≡ 2 (mod 4).
Proof Suppose that there was a 3-SCHGDD of type (n,mt) for m ≡ 1 (mod 2) and
t ≡ 2 (mod 4). Applying Construction 2.9 with a 3-SCHGDD of type (n, 1m), which
exists by Lemma 4.2, we would have a 3-SCHGDD of type (n, 1mt). However, when n ≡
3, 7 (mod 12), Lemma 4.6 shows that a 3-SCHGDD of type (n, 1mt) implies existence of a
3-SCGDD of type (mt)n. Since mt ≡ 2 (mod 4), this SCGDD cannot exist by Lemma 2.6,
a contradiction. ✷
Lemma 4.8 Let n ≡ 2 (mod 3) and n ≥ 5. There exists a 3-SCHGDD of type (n,mt)
for (t − 1)m ≡ 0 (mod 6) and t ≥ 3 except possibly when n = 8, m ≡ 2, 10 (mod 12) and
t ≡ 7, 10 (mod 12).
Proof When t is odd, the conclusion follows from Lemma 1.2. When n = 5, 8, the
conclusion follows from Lemmas 3.4 and 3.10. Assume that n ≡ 2 (mod 3), n ≥ 11 and t
is even. Start from a {3, 4, 5}-SCGDD of type 1n, which is also a (n, {3, 4, 5}, 1)-PBD and
exists by Lemma 4.1. For (t − 1)m ≡ 0 (mod 6) and t ≥ 4, take a 3-SCHGDD of type
(k,mt) for k ∈ {3, 4, 5} from Lemmas 1.2, 3.1 and 3.4. Then apply Construction 2.7 to
obtain a 3-SCHGDD of type (n,mt). ✷
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Lemma 4.9 Let n ≡ 5 (mod 6) and n ≥ 5. There exists a 3-SCHGDD of type (n,mt) for
any positive integer m ≡ 1 (mod 2) and t ≡ 4 (mod 12) with the exception of (n,m, t) =
(5, 1, 4).
Proof When n = 5, the conclusion follows from Lemma 3.4. When n ≡ 5 (mod 6) and
n ≥ 11, ifm = 1 and t = 4, the conclusion follows from Lemma 4.4. Ifm = 1, t ≡ 4 (mod 12)
and t ≥ 16, write t = 4t1. Take a 3-SCHGDD of type (n, 4
t1) from Lemma 4.8. Apply
Construction 2.9 with a 3-SCHGDD of type (n, 14) to obtain a 3-SCHGDD of type (n, 14t1).
If m ≡ 1 (mod 2) and t ≡ 4 (mod 12), start from a 3-SCHGDD of type (n, 1t), and apply
Construction 2.8 with a (3,m)-CDM to obtain a 3-SCHGDD of type (n,mt). ✷
Lemma 4.10 Let n ≡ 5 (mod 6). There exists a 3-SCHGDD of type (n, 34).
Proof We here construct a 3-SCHGDD of type (n, 34) on Zn × Z12 with the group set
{{i}×Z12 : i ∈ Zn} and the hole set {Zn×{j, 4+ j, 8+ j} : 0 ≤ j ≤ 3}. All the 3n(n−1)/2
base blocks can be obtained from the following 3(n− 1)/2 initial blocks by (+1 mod n,−).
When n = 5, the 6 initial blocks are
{(0, 0), (1, 1), (4, 3)}, {(0, 0), (2, 1), (3, 3)}, {(0, 0), (2, 2), (3, 5)},
{(0, 0), (4, 2), (1, 5)}, {(0, 0), (3, 1), (2, 6)}, {(0, 0), (4, 1), (1, 6)}.
When n = 11, the 15 initial blocks are
{(0, 0), (6, 1), (1, 3)}, {(0, 0), (1, 2), (3, 5)}, {(0, 0), (1, 1), (3, 6)},
{(0, 0), (7, 1), (3, 3)}, {(0, 0), (5, 2), (4, 5)}, {(0, 0), (4, 1), (5, 6)},
{(0, 0), (8, 1), (5, 3)}, {(0, 0), (4, 2), (8, 5)}, {(0, 0), (5, 1), (1, 6)},
{(0, 0), (9, 1), (7, 3)}, {(0, 0), (3, 2), (9, 5)}, {(0, 0), (3, 1), (9, 6)},
{(0, 0), (10, 1), (9, 3)}, {(0, 0), (2, 2), (10, 5)}, {(0, 0), (2, 1), (7, 6)}.
When n ≡ 5 (mod 6) and n ≥ 17, write n = 6s+5 and s ≥ 2. The 9s+ 6 initial blocks are
divided into two parts. The first part consists of the following 6s+ 7 initial blocks:
{(0, 0), (1 + i, 1), (2 + 2i, 3)}, i ∈ [0, 3s + 1];
{(0, 0), (6s + 4− i, 2), (2 + i, 5)}, i ∈ [0, 3s];
{(0, 0), (3s + 3, 2), (3s + 4, 5)}, {(0, 0), (3s + 3, 1), (1, 6)},
{(0, 0), (6s + 2, 1), (6s + 3, 6)}, {(0, 0), (6s + 4, 1), (6s + 2, 6)}.
The second part consists of the following 3s − 1 initial blocks:
• if s ≡ 0 (mod 2) and s ≥ 2, then
{(0, 0), (3s + 4 + i, 1), (4 + 2i, 6)}, i ∈ [0, 3s/2 − 3];
{(0, 0), (9s/2 + 5 + 3i, 1), (3s + 8 + 6i, 6)}, i ∈ [0, s/2 − 2], (null if s = 2);
{(0, 0), (9s/2 + 7 + 3i, 1), (3s + 12 + 6i, 6)}, i ∈ [0, s/2 − 2], (null if s = 2);
{(0, 0), (9s/2 + 9 + 3i, 1), (3s + 10 + 6i, 6)}, i ∈ [0, s/2 − 2], (null if s = 2);
{(0, 0), (9s/2 + 2, 1), (3s + 2, 6)}, {(0, 0), (9s/2 + 3, 1), (3s + 1, 6)},
{(0, 0), (9s/2 + 4, 1), (3s + 6, 6)}, {(0, 0), (9s/2 + 6, 1), (3s + 5, 6)};
• if s ≡ 1 (mod 2) and s ≥ 3, then
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{(0, 0), (3s + 4 + i, 1), (4 + 2i, 6)}, i ∈ [0, (3s − 5)/2];
{(0, 0), ((9s + 11)/2 + 3i, 1), (3s + 9 + 6i, 6)}, i ∈ [0, (s − 3)/2];
{(0, 0), ((9s + 15)/2 + 3i, 1), (3s + 7 + 6i, 6)}, i ∈ [0, (s − 3)/2];
{(0, 0), ((9s + 13)/2 + 3i, 1), (3s + 11 + 6i, 6)}, i ∈ [0, (s − 5)/2], (null if s = 3);
{(0, 0), ((9s + 5)/2, 1), (3s + 4, 6)}, {(0, 0), ((9s + 7)/2, 1), (3s + 2, 6)},
{(0, 0), ((9s + 9)/2, 1), (3s + 5, 6)}.
Lemma 4.11 Let n ≡ 5 (mod 6) and m ≡ 3 (mod 6). There exists a 3-SCHGDD of type
(n,mt) for any t ≡ 0 (mod 4) except possibly when t = 8.
Proof When m = 3 and t = 4, the conclusion follows from Lemma 4.10. When m = 3,
t ≡ 0 (mod 4) and t ≥ 12, write t = 4t1. Take a 3-SCHGDD of type (n, 12
t1) from Lemma
4.8. Apply Construction 2.9 with a 3-SCHGDD of type (n, 34) to obtain a 3-SCHGDD of
type (n, 34t1). When m ≡ 3 (mod 6) and t ≡ 0 (mod 4), start from a 3-SCHGDD of type
(n, 3t), and apply Construction 2.8 with a (3,m/3)-CDM to obtain a 3-SCHGDD of type
(n,mt). ✷
Now combining the results of Lemmas 1.2, 1.3, 4.2, 4.5, 4.7-4.9 and 4.11, we obtain the
main theorem in this paper as follows.
Theorem 4.12 There exists a 3-SCHGDD of type (n,mt) if and only if n, t ≥ 3, (t−1)(n−
1)m ≡ 0 (mod 2) and (t− 1)n(n − 1)m ≡ 0 (mod 6) except when
(1) n ≡ 3, 7 (mod 12), m ≡ 1 (mod 2) and t ≡ 2 (mod 4);
(2) n = 3, m ≡ 1 (mod 2) and t ≡ 0 (mod 2);
(3) n = t = 3 and m ≡ 0 (mod 2);
(4) (n,m, t) ∈ {(5, 1, 4), (6, 1, 3)};
and possibly when
(1) n = 8, m ≡ 2, 10 (mod 12) and t ≡ 7, 10 (mod 12);
(2) t = 8, either m ≡ 1 (mod 2), n ≡ 1, 3 (mod 6) and n ≥ 7, or m ≡ 3 (mod 6) and
n ≡ 5 (mod 6);
(3) n ≡ 1, 9 (mod 12), m ≡ 1 (mod 2) and t ≡ 2 (mod 4);
(4) n ≡ 5 (mod 6), either m ≡ 3 (mod 6) and t ≡ 2 (mod 4), or m ≡ 1, 5 (mod 6) and
t ≡ 10 (mod 12).
5 Applications
5.1 Two-dimensional balanced sampling plans
In environmental and ecological populations, neighboring units within a finite population,
spatially or sequentially ordered, may provide similar information. In an attempt to obtain
the most informative picture of a population, one desires a sample avoiding the selection of
adjacent units. Balanced sampling plans excluding adjacent units have been proposed as a
means of achieving such a goal (see for example [21, 26]).
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There are many types of two-dimensional balanced sampling plans excluding adjacent
units, which have different adjacency scheme [34]. Here two-dimensional means the set of
nm units (called points) within populations, say Zn × Zm, is arranged in two dimensions
naturally.
Given (x, y) ∈ Zn × Zm, the points (i, y) and (x, j) for any i ∈ Zn and j ∈ Zm are
said to be row-column-mates of the point (x, y). A two-dimensional balanced sampling plan
excluding row-column-mates is a pair (X,B), where X = Zn × Zm and B is a collection of
k-subsets of X (called blocks) such that any two points that are row-column-mates do not
appear in any block while any two points that are not row-column-mates appear in exactly
one block. Obviously it is just a k-HGDD of type (n, 1m), or equivalently, a k-MGDD of
type mn.
So our results for semi-cyclic HGDDs can be translated simply using the language of
two-dimensional balanced sampling plans excluding row-column-mates. It is meaningful to
do this because the resulting balanced sampling plans admit good algebraic structures and
have clear advantage over those with no algebraic structures in the identification of the
supports.
Another kind of balanced sampling plans we shall mention are balanced sampling plan
excluding contiguous units. For (x, y) ∈ Zn×Zm, the points (x−1, y), (x+1, y), (x, y−1),
and (x, y + 1) (reducing the sums modulo n and m in the first and second coordinates,
respectively) are said to be 2-contiguous to the point (x, y). A two-dimensional balanced
sampling plan excluding contiguous units is a pair (X,B), where X = Zn × Zm and B is
a collection of k-subsets of X (called blocks) such that any two 2-contiguous points do not
appear in any block while any two points that are not 2-contiguous appear in exactly one
block. Such a design is denoted by a 2-BSEC(n,m, k, 1) (cf. [8]).
When n = 1 or m = 1, a 2-BSEC can be seen as a balanced sampling plan excluding
contiguous units with only one dimension, and is often said to be one-dimensional, simply
written as 1-BSEC(m,k, 1) or 1-BSEC(n, k, 1). In this case each point has only two 2-
contiguous points.
Theorem 5.1 (1) [13] There exists a 1-BSEC(m, 3, 1) if and only if m ≥ 9 and m ≡
3 (mod 6).
(2) [8] Let n,m ≥ 3. There exists a 2-BSEC(n,m, 3, 1) if and only if n and m are odd
and either n ≡ m ≡ 3 (mod 6) or n 6≡ m (mod 6).
An automorphism of a 2-BSEC (X,B) is a permutation on X leaving B invariant. A
2-BSEC(n,m, k, 1) is said to be semi-cyclic if it admits the automorphism pi : (x, y) 7−→
(x, y+1) (mod (−,m)), (x, y) ∈ Zn×Zm. Let H be the cyclic group generated by pi under
the compositions of permutations. Then all blocks of the 2-BSEC can be partitioned into
some block orbits under H. Choose any fixed block from each block orbit and then call it
a base block of this 2-BSEC under H. Note that the automorphism can be also taken as
(x, y) 7−→ (x + 1, y) (mod (n,−)), but by the symmetry of n and m, there is no difference
between them essentially. So we always use the former one.
When n = 1, a semi-cyclic 2-BSEC(1,m, k, 1) is often said to be a cyclic 1-BSEC(m,k, 1).
Wei [33] established the necessary and sufficient conditions for the existence of cyclic 1-
BSECs for block size three.
Theorem 5.2 [33] There exists a cyclic 1-BSEC(m, 3, 1) if and only if m ≥ 9 and m ≡
3 (mod 6).
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As an application of 3-SCHGDDs, we here present an infinite family of semi-cyclic 2-
BSEC(n,m, 3, 1)s.
Theorem 5.3 There exists a semi-cyclic 2-BSEC(n,m, 3, 1) for any m,n ≥ 9 and m,n ≡
3 (mod 6).
Proof By Theorem 4.12, there exists a 3-SCHGDD of type (n, 1m) (X,G,H,A) form,n ≥ 9
and m,n ≡ 3 (mod 6), where X = Zn × Zm, G = {Gi : i ∈ Zn} = {{i} × Zm : i ∈ Zn}
and H = {Hj : j ∈ Zm} = {Zn × {j} : j ∈ Zm}. Denote the set of its base blocks by A
∗.
For each group Gi of the 3-SCHGDD, construct a cyclic 1-BSEC(m, 3, 1) (Gi,Bi), which
exists by Theorem 5.2. Denote the set of its base blocks by B∗i . For the hole H0 of the
3-SCHGDD, construct a 1-BSEC(n, 3, 1) (H0, C), which exists by Theorem 5.1. Then it is
readily checked that A∗ ∪ (
⋃n
i=1 B
∗
i ) ∪ C is the set of base blocks of the desired semi-cyclic
2-BSEC(n,m, 3, 1). ✷
By counting the necessary conditions for the existence of semi-cyclic 2-BSEC(n,m, 3, 1)s,
it seems that a complete solution for this problem will rely heavily on direct constructions.
So finding more recursive constructions to obtain semi-cyclic 2-BSECs (not only focus on
k = 3) is an interesting problem.
5.2 Two-dimensional optical orthogonal codes
An optical orthogonal code is a family of sequences with good auto- and cross-correlation
properties. Its study has been motivated by an application in an optical code-division
multiple access (OCDMA) system (see for example [12, 14, 17, 23]).
Let n,m, k and λ be positive integers. A two-dimensional (n×m,k, λ) optical orthogonal
code (briefly 2-D (n×m,k, λ)-OOC), C, is a family of n×m (0, 1)-matrices (called codewords)
of Hamming weight k satisfying the following two properties (the arithmetic j+r is reduced
modulo m):
(1) The Auto-Correlation Property: for each matrix A = (aij)n×m ∈ C and each integer
r, r 6≡ 0 (mod m),
∑n−1
i=0
∑m−1
j=0 aijai,j+r ≤ λ;
(2) The Cross-Correlation Property: for each matrixA = (aij)n×m ∈ C, B = (bij)n×m ∈ C
with A 6= B, and each integer r,
∑n−1
i=0
∑m−1
j=0 aijbi,j+r ≤ λ.
A convenient way of viewing optical orthogonal codes is from a set-theoretic perspective.
Consider a 2-D (n×m,k, λ)-OOC, C. For each n×m (0, 1)-matrix M ∈ C, whose rows are
indexed by In and columns are indexed by Zm. Construct a k-subset BM of In × Zm such
that (i, j) ∈ BM if and only ifM ’s (i, j) cell equals 1. Then {BM : M ∈ C} is a set-theoretic
representation of the 2-D (n×m,k, λ)-OOC.
Example 5.4 The following two (0, 1)-matrices constitute a 2-D (2× 4, 3, 1)-OOC.
(
1 1 0 0
1 0 0 0
)
,
(
0 0 0 1
1 1 0 0
)
.
In set notation, it consists of two 3-subsets of I2×Z4: {(0, 0), (0, 1), (1, 0)} and {(1, 0), (1, 1),
(0, 3)}.
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The number of codewords of a 2-D OOC is called the size of the 2-D OOC. From a
practical point of view, a code with a large size is required. For fixed values of n, m, k and
λ, the largest possible size of a 2-D (n×m,k, λ)-OOC is denoted by Φ(n×m,k, λ). A 2-D
(n×m,k, λ)-OOC with Φ(n×m,k, λ) codewords is said to be optimal. Generally speaking,
it is difficult to determine the exact value of Φ(n ×m,k, λ). Based on the Johnson bound
for constant weight codes, the size of a 2-D (u × v, k, λ)-OOC is upper bounded [35] by
Φ(u× v, k, λ) ≤ J(u× v, k, λ), where J(u× v, k, λ) = ⌊uk ⌊
uv−1
k−1 ⌊
uv−2
k−2 ⌊· · · ⌊
uv−λ
k−λ ⌋ · · · ⌋⌋⌋⌋. So
the 2-D (2× 4, 3, 1)-OOC shown in Example 5.4 is optimal.
Lemma 5.5 [3] Suppose that there is a 2-D (n × m,k, λ)-OOC with b codewords. Then
for any integer factorization m = m1m2, there is a 2-D (nm1 × m2, k, λ)-OOC with m1b
codewords.
Lemma 5.6 There exists an optimal 2-D (n×4, 3, 1)-OOC with J(n×4, 3, 1) = n(2n−1)/3
codewords for any positive integer n ≡ 0, 2 (mod 6).
Proof When n = 2, the conclusion follows from Example 5.4. When n = 6, a 2-D
(3 × 8, 3, 1)-OOC with 11 codewords is explicit constructed in the proof of Lemma 5.9 in
[31]. Then apply Lemma 5.5 to obtain the required 2-D (6×4, 3, 1)-OOC with 22 codewords.
Assume that n ≡ 0, 2 (mod 6) and n ≥ 8. By Lemma 2.6, there exists a 3-SCGDD
of type 4n/2, which is defined on In/2 × Z4 and with base block set B
∗. It is well known
that a 3-GDD of type 23 exists. For each B = {(ix, x), (iy , y), (iz , z)} ∈ B
∗, construct a
3-GDD of type 23 on the point set B ∪ {(ix + n/2, x), (iy + n/2, y), (iz + n/2, z)} with the
group set {{(ir , r), (ir + n/2, r)} : r ∈ {x, y, z}}. Denote the set of its blocks by AB. For
each j ∈ In/2, construct an optimal 2-D (2 × 4, 3, 1)-OOC with 2 codewords, Cj , on the
set {j, j + n/2} × Z4. Now we construct the required 2-D (n × 4, 3, 1)-OOC on In × Z4.
It is readily checked that (
⋃
B∈B∗ AB) ∪ (
⋃
j∈In/2
Cj) is the set of the required n(2n − 1)/3
codewords. ✷
Theorem 5.7 There exists an optimal 2-D (n×m, 3, 1)-OOC with J(n×m, 3, 1) codewords
for any n ≡ 0, 2 (mod 6) and m ≡ 4 (mod 12).
Proof When m = 4, the conclusion follows from Lemma 5.6. Assume that m ≥ 16. By
Theorem 4.12, there exists a 3-SCHGDD of type (n, 4m/4) for any n ≡ 0, 2 (mod 6) and
m ≡ 4 (mod 12). We construct the 3-SCHGDD on In ×Zm with the group set {{i} ×Zm :
i ∈ In} and the hole set {In×{j,m/4+j,m/2+j, 3m/4+j} : 0 ≤ j ≤ m/4−1}. Denote the
set of its base blocks by B∗. For each i ∈ In, construct a strictly cyclic 3-GDD of type 4
m/4
on {i} × Zm with the group set {{i} × {j,m/4 + j,m/2 + j, 3m/4 + j} : 0 ≤ j ≤ m/4− 1},
which exists by Lemma 2.1. Denote the set of its base blocks by C∗i . By Lemma 5.6, we can
construct an optimal 2-D (n×4, 3, 1)-OOC with J(n×4, 3, 1) = n(2n−1)/3 codewords D on
the set In×{0,m/4,m/2, 3m/4}. Now we construct the required 2-D (n×m, 3, 1)-OOC on
In×Zm. It is readily checked that B
∗∪ (
⋃
i∈In
C∗i )∪D is the set of the required n(nm−2)/6
codewords. ✷
Combining the results of Lemma 5.5 and Theorem 5.7, we have the following corollary.
Corollary 5.8 There exists an optimal 2-D (n×m, 3, 1)-OOC with J(n×m, 3, 1) codewords
for any n ≡ 0, 4 (mod 12) and m ≡ 2 (mod 6), or n ≡ 0, 8 (mod 24) and m ≡ 1 (mod 3).
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Finally we make a remark. It is known in [27] that an optimal 2-D (n ×m, 3, 1)-OOC
with J(n×m, 3, 1) codewords exists for any positive integer n and odd integer m except for
m = 1 and n ≡ 5 (mod 6), where in the latter case, an optimal 2-D (n × 1, 3, 1)-OOC only
has J(n× 1, 3, 1) − 1 codewords. For the case of m even, it seems that the problem is still
open. Here we only intend to present one example to show how to make optimal 2-D OOCs
via SCHGDDs. Actually more new optimal 2-D (n × m, 3, 1)-OOCs can be obtained by
using 3-SCHGDDs; especially, after some counting arguments, one can prove that in some
cases, the upper bound of a 2-D (n×m, 3, 1)-OOC is Johnson bound minus one, and using
similar techniques as above, some infinite families of optimal 2-D OOCs attaining Johnson
bound minus one can be obtained. This problem merits further study.
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